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Life testing using controlled random excitation is a long-
accepted means of finding design and/or assembly flaws. Class-
general broadband spectra, such as the NAVMAT profile, permit 
testing without initially knowing the specific resonances of a new 
package. Now kurtosis control allows such tests to be conducted 
in a fraction of the time required for a Gaussian drive signal to 
precipitate failures. However, the kurtosis control needs to be 
properly implemented to circumvent interference from the Central 
Limit Theorem. A unique feature within the Vibration Research 
Corporation (VRC) Kurtosion® process allows resonant fatigue as 
well as simple static failure tests to be accelerated.

A random vibration controller functions to match the power 
spectral density (PSD) of a measured Control acceleration to a 
desired Demand profile target. It does this by generating a random 
Drive signal that is externally amplified and applied to the shaker 
vibrating the device under test (DUT). The controller updates the 
spectral shape and amplitude of the drive signal as required to 
maintain close agreement between the Demand and Control. This 
closed-loop process is continuously performed in “real time” 
throughout a random test. Normally, the Drive and Control signals 
have Gaussian amplitude distribution. That is, each signal exhib-
its a bell-shaped probability distribution function (PDF). Until 
recently, the PDF characteristics were not specifically controlled, 
although random controller designers have always labored long 
and hard to assure their systems produced a Gaussian drive sig-
nal. Vibration Research changed this by introducing Kurtosion® 
control, wherein the kurtosis (the PDF’s fourth moment) becomes 
an actively controlled attribute of the Control signal.

In a sense, random controllers have always (at least indirectly) 
controlled the first few moments of a random test’s drive PDF. 
The zeroth moment is simply the area under the PDF bell and it 
is always equal to unity. The first moment m is the signal’s mean 
value; this is driven to zero – the shaker Drive must not contain a 
DC bias. The second moment s2 is the signal’s mean square. This 
is always equal to the area under the PSD curve and corresponds 
to the square of the RMS level to which the test is controlled. The 
third moment is the skew, indicating any statistical asymmetry 
between positive and negative values of the Drive. Like the mean, 
the control process (and careful circuit design) drives this to zero, 
assuring the PDF has a symmetric shape about the mean. The 
kurtosis is the fourth moment of the PDF; for a perfectly Gaussian 
signal, it is always equal to 3s4. That is, the normalized kurtosis 
of a Gaussian signal is always equal to 3. Demanding normalized 
kurtosis greater than 3 causes the device under test to experience 
a greater percentage of time at extreme acceleration. That is, the 
Drive signal becomes more severe, while its PSD spectral shape 
and RMS amplitude remain the same. The PDF shape changes 
as kurtosis is increased; the center peak is “squeezed,” causing a 
slight increase in the central value and the desired spreading of 
the positive and negative “tails” of the distribution.

Clearly, a random shake at higher kurtosis value exposes the 
device under test to a more severe environment than a Gaussian 
shake with the same PSD and RMS values. But is it a more damaging 
environment? The honest answer is that if the component failure 
to be tested is a simple fatigue failure due to static underdesign, 
unquestionably, yes. However, if the fatigue mode to be examined 
involves the random excitation of a resonance, the picture is much 
less clear. If the elevated kurtosis control is properly implemented, 
it can easily accelerate a fatigue failure at a resonance (by a factor 
of 5 or more). However, most kurtosis control algorithms do not 
have the necessary facility to provide this time speed-up over a 
Gaussian test.

Enter the Central Limit Theorem
The Central Limit Theorem explains why many natural processes 

exhibit Gaussian or nearly Gaussian behavior. The simplest state-
ment of this important observation is: The probability distribution 
of an average tends to be Gaussian, even when the distribution 
from which the average is computed is decidedly non-Gaussian. A 
simple example of such behavior can be found by tossing dice.

If we toss a single die, the odds of a 1, 2, 3, 4, 5 or 6 facing up 
are equal. If the die is honestly fabricated, there is no bias to any 
single number being thrown. The resulting probability density 
function is far from Gaussian in shape, it is rectangular. Now 
consider what happens when we toss two dice and average their 
values. There are 36 possible combinations that might be rolled 
with sums spanning 2 to 12 (average values from 1 to 6). However, 
the 11 different possible sums are not equally probable. There are 
six combinations totaling 7, five totaling either 6 or 8, four total-
ing 5 or 9, three totaling 4 or 10, two totaling 3 or 11 and only one 
way to roll either a 2 or a 12. So an averaged value of 3.5 is six 
times as likely as an average of 1 or 6. Clearly, playing a game with 
two dice rather than one changes the distribution of probabilities 
quite significantly.

If we add a third die, the number of combinations increases to 
216 (with 16 different possible sums) and the likelihood of throw-
ing an average value of 3.5 becomes 27 times as probable as rolling 
an average of 1 or 6. With three dice in the game, the probability 
distribution begins to take on a much more curved shape, clearly 
approaching the bell-shaped Gaussian distribution. This effect is 
shown in Figure 1.

The Central Limit Theorem goes on to explain: When N samples 
are taken from a population of mean μ and standard deviation 
s2the mean of the average converges on μ, while the standard 
deviation of the average approaches s2/N. This means if you are 
offered a chance to gamble on the sum of 10 dice thrown together, 
always bet on 35. If the challenge involves 100 dice, bet on 350 and 
make your wager 10 times as large. But what, you now ask does 
all this gaming have to do with random shake tests? That answer 
was provided by Dr. Athanasios Papoulis (1921-2002), a professor 
of electrical engineering at Brooklyn Polytechnic University.

In his 1962 book, The Fourier Integral and its Applications, Pa-
poulis discussed the probability distribution of a narrow bandpass 
filter’s input and output. His analytic derivation recognized that 
the Central Limit Theorem applied exactly to this situation, since 
the act of filtering can be recognized as a convolution. In turn, a 
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Figure 1. Comparison of average-value PDFs for tossing 1, 2 and 3 dice 
shows progression from uniform toward Gaussian probability density as 
the number of dice averaged increases.
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convolution can be recognized 
as a form of weighted averaging 
using the impulse response of 
the filter as the weighting func-
tion. This allowed him to make 
a very important observation: 
When a broadband random 
signal of almost any probabil-
ity distribution is the input 
to a narrow bandpass filter, 
the probability distribution of 
the filter’s output approaches 
Gaussian. This statement is of-
ten called the Papoulis Rule. As 
we will find shortly, the words 
“narrow” and “approach” are 
quite significant to our acceler-
ated life testing application.

The Papoulis Rule
Vibration Research fabri-

cated hundreds of standardized 
notched cantilever beams (see 
Figure 2) to provide a simple 
and repeatable target from 
which to gather fatigue statis-
tics. Figure 3 shows a typical 
test. The beam is held to a 
shaker by a single bolt through 
either of its two holes and a 
spacer. A 50 gram mass is screw 

mounted to the other hole. The Control accelerometer is mounted 
rigidly to the shaker table and a second (smaller) accelerometer 
monitors the motion of the mass.

The beam was subjected to a NAVMAT profile test controlled by 
a Vibration Research VR9500 Revolution controller. The kurtosis 
for this test was set to 9, a very high value. However, the Transi-
tion frequency, a random control parameter unique to the VRC 
Kurtosion process, was deliberately set to a high value. This was 
done so that the VR9500 would produce control results similar 
to those of alternative technology kurtosis control algorithms, 
including those predicated upon Polynomial Transformation and/
or Phase Selection. Figure 4 presents a very interesting look at the 
probability distributions at the shaker head (cantilever beam root) 
and at the (weighted) beam’s free end. The figure is plotted with 
a logarithmic vertical axis, allowing a more detailed look at the 
high-excursion “tails” of the PDFs.

The shaker table (blue trace) in Figure 4 has clearly wider “tails” 
than the reference (red) Gaussian distribution. This is the direct  
and desired result of specifying a high kurtosis of 9 for the test’s 
Control signal. However, the freely vibrating tip of the beam (green 
trace) exhibits an almost perfect Gaussian shape, indicating that it 
is experiencing a kurtosis of 3, not 9. The difference between these 
shapes and kurtosis values is entirely explained by the Papoulis 
Rule and has been used (misguidedly) by some competitors in an 
attempt to devalue the merits of high-kurtosis life testing.

As shown in Figure 5, three vibratory modes dominate the 
response of the weighted cantilever beam. These occur at nomi-
nal frequencies of 81, 179 and 507 Hz. Figure 5 shows that these 
mechanical resonances act like mechanical filters, restricting the 
bandwidth of the tip response to be dominated by these three fre-
quencies. The NAVMAT test specifies a 6 gRMS random shake with 
a constant power spectral density (PSD) of 0.04 g2/Hz between 80 
and 350 Hz. Above and below these extremes, the drive excitation 
diminishes at 6 dB/octave. Therefore, the 81 and 179 Hz modes are 
excited by the full intensity of NAVMAT’s central band, while the 
507 Hz mode only receives about 65% of this stimulation. The tip 
response is clearly dominated by these three resonances, with the 
81 Hz mode component more than 10 times as large as the other 
two modes. Therefore, these narrow-band resonances serve to filter 
the frequency content and reduce the kurtosis of the tip response 
to a Gaussian level in accordance with the Papoulis Rule.

Papoulis-Guided Accelerated Life Test
The Papoulis Rule contains two key words of major import, often 

misinterpreted: approach and narrow. The rule does not say the 
output of a band-limiting filter will be Gaussian, it says the response 
approaches Gaussian. How rapidly that approach is made we now 
know is signal dependent. Kurtosion has a process-basic parameter 
that can be adjusted to ward off that approach, and we can now 
disclose it. To aid in industry acceptance of this innovative test-
ing method, rather than simply keeping it a trade secret, we have 
opted for the much more expensive path of patent protection so 
that we can reveal the inner details while still protecting our legal 
rights. With the issuance of U.S. Patent 7,426,426 B2, System and 
Method for Simultaneously Controlling Spectrum and Kurtosis of 
a Random Vibration, we can now candidly discuss the details of 
Kurtosion.

Kurtosion generates high-kurtosis random signals through a 
modulation process. First, a Gaussian white noise signal is gener-
ated, and this is amplitude modulated by a second random noise. 
The signal specifics of this second random signal determine the 
kurtosis of the result, which is then frequency shaped by the 
desired Demand and the measured H–1 frequency response of 
the shaker/amplifier/DUT electromechanical system. One of the 
detailed parameters of this process is the lower frequency corner 
of the modulation process’s bandwidth. We have chosen to call 
this parameter the Transition frequency, and it is a user-specified 
parameter of a test.

The rules for setting the transition frequency are quite simple. 
Measure the transmissibility of the DUT (Figure 5, for example) and 
extract the bandwidth (BW) frequency of each resonance within the 
frequency range of the test. Set the transition frequency to be less 

Figure 2. VRC standardized 6016-
T651 aluminum notched-beam 
specimen (nominally 4 ¥ 0.5 ¥ 0.125 
inch) fabricated in quantity to study 
fatigue. In use, one hole mounts 
beam to shaker, while other mounts 
standard tip mass. Intended fatigue 
failure area is between symmetric 
round-end notches.

Figure 3. Testing notched beam on a 
small shaker. Accelerometer (right) 
mounted on shaker table measures 
the Control. Cylinder on left is stan-
dardized 50-gram mass. Small ac-
celerometer mounted on this mass 
monitors beam’s free-end motion.

Figure 4. Normalized PDF of shaker head acceleration and cantilever 
root (blue), weighted cantilever free-end (green), and reference Gaussian 
distribution (red).

Figure 5. Cantilever tip/root transmissibility measured during NAVMAT PDF 
comparison test. Weighted beam’s dynamics are dominated by three high-Q 
modes of vibration occurring at about 81, 179 and 507 Hz.
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than the BW of any dominating resonances, as shown in Figure 6. 
Now run the high-kurtosis test.

Figure 7 shows the result of such actions. The test previously 
illustrated is repeated, but this time the Transition frequency is 
set to less than the BW of the narrowest of three vibration modes, 
rather than being deliberately greater as it was in Figure 4. Note 
that both the tip and root of the cantilever beam now exhibit high 
(and essentially identical) kurtosis far in excess of the Gaussian 
model. This is shown by the wide skirts or “tails” of both the blue 
and green traces. The only difference between the test conditions 
of Figures 4 and 7 was the Transition frequency setting.

Early in our development of Kurtosion, we became interested 
in verifying that the programmed kurtosis was applied equally 
across the entire bandwidth of the control signal. We used a bank 
of standard 1/3-octave filters to examine this. The control signal 
was filtered by the 1/3-octave bank, and the kurtosis of each filter’s 
output was computed. When plotted as a kurtosis-versus-frequency 
spectrum (Figure 8), this test gave the false impression that con-
trolling kurtosis to a value greater than 3 was difficult at low fre-
quency. Recall that each filter in a 1/3-octave set has a half-power 

(–3 dB) bandwidth equal to 23.1% of the center frequency of that 
filter. Actually, it was the narrow bandwidth of the low-frequency 
filters that caused the kurtosis to decline at low frequency, not the 
center frequency of those filters. In other words, we saw an early 
demonstration of the Papoulis rule but initially failed to recognize 
it. As in so many human endeavors, wisdom in the control field 
comes only with continued effort and study.

Figure 9 illustrates application of a rather different filter bank 
to two signals matching the NAVMAT profile of Figure 6. Both 
traces in Figure 9 used an excitation signal with a measured and 
controlled kurtosis of 7. The blue trace was generated using Kur-
tosion with a transition frequency of 2 Hz, while the green trace 
presents high-kurtosis control with a transition frequency of 4000 
Hz (equivalent to a signal created using the polynomial transfor-
mation technique). Both signals were passed though a bank of 
second-order resonant response filters all centered at 300 Hz but 
with the bandwidth of the response peak varied from 1 to 500 Hz. 
The kurtosis measurements of the filters’ outputs were plotted to 
form a kurtosis-versus-bandwidth spectrum.

Figure 6. Setup dialog for high kurtosis random test showing entry of transi-
tion frequency.

Figure 7. Repeat of Figure 4 with transition frequency set less than BW of 
all modes in test frequency span. Both root and tip of beam now show high 
kurtosis far exceeding the Gaussian model in their PDF “tails.”

Figure 8. Early VRC kurtosis-versus-frequency plot made using 1/3-octave 
filters suggests low-frequency kurtosis greater than 3 is difficult to achieve 
– an erroneous conclusion.

Figure 9. Comparison of measured filter output kurtosis at 300 Hz for 
filters of 1-500 Hz bandwidth all exposed to identical NAVMAT profiles 
with controlled kurtosis of 7 (blue = kurtosion with 2 Hz transition; green 
= non-Kurtosion control).

Figure 10. Comparison of monitored beam-tip signal for tests of Figures 4 and 
7. Note more extreme excursion of the properly set Kurtosion (upper blue) 
signal than that of other control strategies for the same (k=9) setting.
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Kurtosion® Has a New Home
Vibration Research Corporation has just released Version 9 

of its VibrationVIEW® software suite. The SineVIEW and Ran-
domVIEW components now feature a low-level random pretest 
that provides prediction of full-level test performance using a 
signal that barely “tickles” your shaker and device under test. 
SineVIEW now allows control based on a velocity or displace-
ment transducer. All aspects of VibrationVIEW benefit from a 
host of user interface improvements and an enhanced system of 
alternative measurement units. Of course, Kurtosion testing is 
fully supported. Most importantly, VibrationVIEW 9 is backward 
compatible with all existing VR8500 controllers and forward 
compatible with brand new VR9500 Revolution controllers. The 
operator’s interface to either hardware platform is absolutely 
identical, and both units may be used together to achieve in-
creased channel counts in the same system.

Our VR8500 has been the standard against which other vibra-
tion controllers are judged since the day it was introduced. Its 
hardware included digital and analog inputs to monitor DUT 
performance while shaking, and its software supported remote 
operation and network messaging. This fourth-generation 
system introduced many innovations, including sample clock 
synchronization via Ethernet®, a breakthrough eliminating the 
need for dedicated clock cabling, and allowing for controller 
configurations previously unimaginable. No one else has been 
able to produce a controller with faster loop time, better dynamic 
range, or superior spectral resolution. But now we have: the faster, 
cleaner, more resolute VR9500 Revolution.

The VR9500 Revolution is our fifth-generation hardware 
platform and it bristles with faster processors, better analog-to-
digital converters, improved digital-to-analog converters and a 
superior board layout – all contributing to a previously unheard 
of 70 nV/ Hz  noise floor. Some 241 sample rates from 100 to 
108,000 Hz provide “on-the-nose” frequency resolution – exactly 
the time and/or frequency spacing you want in every instance 

and application. An onboard stable DC reference provides an 
automatic secondary calibration standard; this controller will 
warn you when it’s time to call metrology for a checkup. While 
providing clock synchronization via Ethernet even tighter than 
achieved with the VR8500, the new VR9500 also sports a new 
“inter-box” connector. This connection uses standard Ethernet 
cabling to share clocks and high-speed synchronous data between 
units to support those applications where only the precision of 
hard-wired signals will suffice. There is a lot of new technology 
hiding behind that slick sculptured black panel with its BNC-
surrounding multicolor LED signal status indicators.

Enjoy these new benefits under control of a now-classic in-
terface: 

Control sine, random or shock signals to 32,000 Hz•	
Use an incredible 26,000 spectral lines of resolution – a new •	
industry maximum
Place up to 32 true floating-point sine tones with sine on •	
random
Total harmonic distortion plus noise (THD+N), more than 100 •	
dB below full scale 
Better than 130 dB dynamic range; detect signals from as low •	
as 1 mV to as high as 20 V peak

Revolution meets evolution: VibrationVIEW 9 drives both the VR8500 and 
VR9500 hardware platforms.

Note that the blue signal with the low transition frequency 
maintains the full kurtosis of the source signal through resonant 
responses with bandwidths as low as 10 Hz. Below 10 Hz, the 
kurtosis begins to fall off, although it maintains a kurtosis of 5 
even with a bandwidth of only 1 Hz. In contrast, the green signal 
with the high transition frequency fails to maintain the kurtosis 
level of the excitation signal even at a 500-Hz bandwidth and is 
indistinguishable from Gaussian for any bandwidth less than 10 
Hz. As the bandwidth approaches 0, the filter output tends toward 
Gaussian as predicted by the Papoulis Rule. However, by using 
a properly constructed excitation signal, a respectable kurtosis 
can be maintained at the resonance for the bandwidths typically 
encountered in mechanical systems.

The results of Figure 9 can be roughly compared to our resonant 
beam tests. Note from Figure 5, that the 81-Hz first mode (the 
shape that failed in fatigue) had a bandwidth of about 2. Figure 9 
illustrates that a signal generated using Kurtosion with a kurtosis 
of 7 and transition frequency of 2 Hz will induce a kurtosis level 
of nearly 6 at a 2 Hz wide resonance, while the signal lacking 
appropriate transition frequency control exhibited very slightly 
more than 3. Clearly, a high-kurtosis signal generated with a low 
transition frequency can pass through a narrow-band process to 
produce a (more damaging) high-kurtosis output.

Figure 10 provides blatantly simple verification of the impor-
tance of the Transition frequency. This plot compares beam-tip 
time-history samples from the tests of Figures 4 and 7. Note the 
more extreme excursions of the upper blue trace (Kurtosion with 
properly low transition frequency), despite both tests specifying 
kurtosis equal to 9. The deliberately high Transition frequency of 
the lower trace prevents the resonances from being excited to the 
specified high-kurtosis level.

Clearly then, kurtosis greater than 3 can be made to pass through 
a narrow-band filter or a mechanical resonance if proper care is 
given to its supporting metrics. That is, you can “get the kurtosis 
into a resonance.” We have established and demonstrated that 

setting the Transition frequency of a Kurtosion test to a value 
less than the passband of the filter or band-limiting resonance 
is the key. This raises an obvious question: why not always set 
the transition frequency to the lowest possible value supported 
by the hardware/firmware/software? The answer is simple: this 
value is a trade-off with the responsiveness of the control loop. As 
the transition frequency is reduced, the high-energy events in the 
random signal become more separated in time. Unless the averag-
ing degrees of freedom (DOF) are increased, the measured H–1 can 
become “short-term focused,” resulting in an up/down “bounce” 
in the Control signal. Therefore, the transition frequency, like the 
averaging DOF, is best left as a user choice allowing intelligent 
optimization of every test circumstance.

Experimental Demo of Accelerated Life Testing
A large number of our standardized specimens were run to 

destruction using a NAVMAT random profile. These tests were 
managed by a VR9500 Revolution controller, while running Ran-
domVIEW software with Kurtosion. Multiple runs were made at 
kurtosis values of 3, 5, 7 and 9 using the control system illustrated 
in Figure 11. Typical specimen installation on the small PM shaker 
is shown in Figure 3.

All specimens tested eventually yielded and fractured at the 
center notch as anticipated. The controller measured the duration 
of exposure for each sample and notified the test engineer via e-
mail upon its failure. Multiple runs were made for each kurtosis 
setting, allowing the results to be spreadsheet averaged. Recognize 
that such data collection is a slow and methodical business. Runs 
made using a Gaussian distribution typically required more than 
a work shift to fail the specimen.

Figure 13 illustrates the variation in averaged time to failure with 
kurtosis setting. As shown here, failure time decreases approxi-
mately exponentially with linear increase in kurtosis, suggesting 
a power law relationship. Bear in mind that all of these tests were 
conducted using exactly the same spectrum profile and RMS in-
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Figure 13. Average minutes to failure versus kurtosis of control signal.

Figure 14. Average time to failure normalized to Gaussian failure time versus 
kurtosis of control signal.

Figure 11. VR9500 Revolution controller runs multiple specimens to destruc-
tion using NAVMAT profile.

Figure 12. Fatigue specimens broken during this examination.

tensity. They differed only by the controlled kurtosis target.
Figure 14 presents the same results divided by the averaged fail-

ure time for a Gaussian control signal. Clearly, increased kurtosis 
accelerated fatigue failure of this simple resonant beam. Raising 
the kurtosis to 5 dropped the required failure time to 28% of that 
required for a Gaussian control. A kurtosis of 7 cut this in half 
again to 14%, while setting the kurtosis to 9 broke sample beams 
in about 5% of the time required at kurtosis equal to 3.

Conclusions
We have demonstrated that increasing the kurtosis of a random 

signal above the Gaussian value of 3 can increase the damage-
inducing potential of the profile. We have further debunked the 
old wives’ tale that increased kurtosis cannot influence the fatigue 
accumulated by a structure with resonances within the band of 

The authors can be reached at: joel@vibrationresearch.com and philip@
vibrationresearch.com.

a random test.
We have shown by example that a general-application broadband 

profile (such as NAVMAT) can be used to identify fatigue-sensitive 
resonances and that such testing can be accelerated in time by 
increasing the kurtosis of the controlled shake. To this end, we 
have shown that while the Papoulis Rule shows that narrow-band 
filtered signals tend toward a Gaussian distribution, not all signals 
with the same kurtosis are created equal. Some signals succumb 
more readily than others. With the flexibility of the transition fre-
quency parameter in our patented Kurtosion testing method, you 
can easily create waveforms that allow increased kurtosis to pass 
into the resonances of your product.




